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#%&'()*+,- .'/'+ 0*1

02 34.454()%6' 7'( 8996.7*+/'+ 47'(
92 :6(0-64+0.6-;- 7'( 8996.7*+/'+ 47'(
2 <(%0.- 5'-(6=%'( <6/'+=%01-'+

*=&> ?'6+' 76'='( @'(0../'5'6+'(*+/'+ &6(7 %6'( 9'=)(4%'+> 8*1 '6+6/' 7'( 9'6
@'(0../'5'6+'(*+/'+ &6%-6/'+ 8=)',-' &6(7 A'74% 6+ 89=%+6--'+ '6+/'/0+B
/'+C 76' 9'6 '6+'( '(=-'+ D',-E(' E9'(=%.0/'+ &'(7'+ ,F++'+>

 !" #$% &'%(% )*+'%'%,%

G+ 76'='5 H0(0/(01'+ &6(7 76' 49'(' 30.9'9'+' H 6+ C /'+0*'( *+-'(=*%-> I6'
8*-454()%6=5'+/(*))' J4+ H &6(7 9'=%(6'9'+> I0++ &6(7 76' %K)'(94.6=%'
L'45'-(6' '+-&6,'.->

 ! "#$%&(#) *+)#,%# -%,)./&%0,1+&)#)! M6( =%('69'+ 2 × 2 N0-(6O'+
5'6=- 6+ 7'( P4(5

M =

(

a b
c d

)

*+7 9'+*-O'+ &6' E9.6% 1E(  !"!#$%&'&"! *+7 ()*# 76' 89,E(O*+/'+

detM := ad− bc , SpM := a+ d ,

=4&6'

M t =

(

a c
b d

)

9O&> M ♯ =

(

d −b
−c d

)

1E( 76' "#'&+),&%!#"! 9O&> '-.*&/%!#"! N0-(6Q> <= 9'O'6%+' GL(2;C) 76' L(*)B
)' 7'( 6+J'(-6'(90('+ ,45).'Q'+ 2× 2 N0-(6O'+C

GL(2;C) := {M ∈ Mat(2;C) ; detM 6= 0} .

N6- E &6(7 76' <6+%'6-=50-(6Q 09/',E(O-> :',0++-.6% &6(7 76' 6+J'(=' N0-(6Q
O* M ∈ GL(2;C) /'/'9'+ 7*(%

M−1 =
1

detM
M ♯ =

1

ad− bc

(

d −b
−c a

)

.

PE( M ∈ GL(2;C) 6=- *+-'( 4R'+=6%-.6%'+ @4(0*=='-O*+/'+ 0+ τ ∈ C 76'
,45).'Q' S0%.

Mτ :=
aτ + b

cτ + d
T 2

&4%.7'U+6'(-> I056- &6(7 7*(%

TV2 ΦM : τ 7→Mτ
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"#$" %"&'%'&()" *+$,-#'$ .+/ C 0"0"1"$2 3#" .+) .56  !"#$&!' ()'!*#! +#*',-
.$#/*0)$' '3"& .56  !"#$%1+#*',.$#/*0)$' 1"7"#)$"- 8#&39 *:& c = 0 #6- ΦM

"#$" 0.$7" *+$,-#'$9 ;% *.55 c 6= 0 ).- ΦM 0"$.+ "#$"$ <'5 +$3 78.& ='$  9
>&3$+$0 1"# τ = −d/c9

 !"#$#%& ?#" @)&"#18"#6" Mτ 3.&/ $#)- %#- 3"& 6,.5.&"$ A+5-#(5#,.-#'$ τM
='$ τ %#- M ="&8")6"5- 8"&3"$B C"$$ A#66="&6-D$3$#66" 7+ 1"/:&)-"$ 6#$32
6)&"#1- %.$ .+) M〈 τ〉 .$6-"55" ='$ Mτ 9

E+6 F G /'50"&- %.$ /:& L, M ∈ GL(2;C) +$3 0 6= λ ∈ C 8#"3"& +$-"& 'H"$I
6#)-5#)"$ J'&.+66"-7+$0"$ .$ τ +$3 τ ′K

FLG Eτ = τ 2 39 )9 ΦE = id,

FMG (λM)τ = Mτ , 39 )9 ΦλM = ΦM ,

FNG (LM)τ = L〈Mτ〉, 39 )9 ΦLM = ΦL ◦ ΦM ,

Mτ ′ −Mτ =
detM

(cτ ′ + d)(cτ + d)
· (τ ′ − τ)FOG

@)5#"P5#) 3#=#3#"&- %.$ FOG 3+&) τ ′ − τ +$3 "&)D5- /:& τ ′ → τ

Φ
′

M(τ) =
dMτ

dτ
=

detM

(cτ + d)2
FQG

E56 R%,")&+$0 ='$ FMG ).- %.$ 3#"

'"()(*+,+(#- 23# L, M ∈ GL(2;C) ,)'4 567)8*(!'09
F#G Mτ = Lτ  )(0 .3# :!') ,0!', 4#!) 8!#,&)!4!'! τ ∈ C;
F##G <,  )"0 0 6= λ ∈ C /)0 M = λL;

=!:!),; C"0"$ FNG +$3 FLG #6- Mτ = Lτ %#- (L−1M)τ = τ DS+#=.5"$-9 A.$
,.$$ 3.)"& #$ 1"#3"$ *D55"$ ')$" T#$6)&D$,+$0 L = E .$$")%"$9 ?. 6#)
Mτ = τ U"-7- .56

cτ 2 + (d− a)τ − b = 0

6)&"#1-2 /'50- 3#" V").+(-+$09 2

W"3"& X&"#6 #$ C ,.$$ 3+&) "#$" Y5"#)+$0 3"& *'&%

FZG Aττ +Bτ +Bτ + C = 0 %#- A, C ∈ R , A 6= 0 +$3 B ∈ C

1"6)&#"1"$ 8"&3"$9 Y"$.+"& 0#5- 3.$$ |B|2 > AC +$3 3"& A#--"5(+$,- m 1789
3"& [.3#+6 r > 0 8"&3"$ 0"0"1"$ 3+&)

F\G m = −B/A 1789 r2 = (|B|2 −AC)/A29

R%0",")&- 1"6)&"#1- FZG #% *.55 A 6= 0 +$3 |B|2 > AC 6-"-6 "#$"$ X&"#69 ;%
*.55 A = 02 B 6= 0 "&)D5- %.$ 3+&) FZG 0"$.+ .55" Y"&.3"$ #$ C9



 ! "#$ %&$'$ ()*&$&$+$   !

 !"!#$% "#$ %&'$(*'&+

F : E → C, z 7→
{

ϕ(z)/z, ,(--. z 6= 0,

ϕ′(0), ,(--. z = 0.

/(++ #.' F +(* 0&1  !"#$%%.*&+ 2&%%%($3&#'..('4 *5-515$6* 789-: ;:
 "##"&'< =: (*+#$*"& >?@@?℄< B('4  @: : C: DE$ 0 < |z| ≤ r < 1 9#-'
F&9&+ ϕ(E) ⊂ E +(* 0&1 G(H#1I16$#+4#6

|F (z)| ≤ max
|ζ|=r

|ϕ(ζ)|
|ζ | ≤ 1

r
.

DE$ r ↑ 1 &$*J-' 1(+ |F (z)| ≤ 1 ,E$ (--& z ∈ E< 0: *:

|ϕ(z)| ≤ |z| ,E$ (--& z ∈ E I+0 |ϕ′(0)| = |F (0)| ≤ 1.

=#-' |ϕ′(0)| = 1 50&$ |ϕ(a)| = |a| ,E$ &#+ 0 6= a ∈ E< .5 *(' 1(+ |F (0)| = 1
50&$ |F (a)| = 1: K(* 0&1 G(H#1I16$#+4#6 #.' F &#+& L5+.'(+'& 851 M&'$(9
 < 0: *: F (z) = eiλ< λ ∈ R< I+0 .51#'

ϕ(z) = eiλz ,E$ (--& z ∈ E. 2

/(1#' 3N++&+ F#$ (--& OI'515$6*#.1&+ 85+ E 1#' D#H6I+3' 0 %&.*$&#%&+:

 !""#$ &'( ϕ ∈ Aut E )#*+ )!,-. /-,, ϕ(0) = 00 "!,, !$ !#, λ ∈ R )#1+
2#+

7!C ϕ(z) = eiλ · z 3'( -**! z ∈ E.

 !"!#$% DE$ ϕ 85+ 0&$ D5$1 7!C 9#-' ϕ ∈ Aut E 1#' ϕ(0) = 0: B&# +I+ ϕ ∈
OI' E %&-#&%#9 1#' ϕ(0) = 0: /(++ 9#-' |ϕ(z)| ≤ |z| ,E$ (--& z ∈ E +(* 0&1
(*,$&-.*&+ P&11(: /&$ 9-&#*& B*-I.. ,E$ ϕ−1 -#&,&$' |ϕ−1(z)| ≤ |z|: /(1#'
&$*J-' 1(+ .*-#&Q-#*

|z| = |ϕ(ϕ−1(z))| ≤ |ϕ−1(z)| ≤ |z|,

(-.5
|ϕ(z)| = |z| ,E$ (--& z ∈ E.

K(* 0&1 (*,$&-.*&+ P&11( *(' ϕ 0(++ 0#& D5$1 7!C: 2

%$ &'( H$ O+.'&--& 85+ GL(2;C) %&'$(*'& 1(+ R&'4' 0#& S+'&$9$I66& GL(2;R)
0&$ $&&--&+ #+8&$'#&$%($&+ G('$#4&+: DE$ M ∈ GL(2;R) I+0 Im τ 6= 0 9#-' R&'4'
Mτ ∈ C: T+  7UC .&'4' 1(+ τ ′ = τ < %&(*'&' Mτ = Mτ I+0 &$*J-'

Im Mτ =
detM

|cτ + d|2 · Im τ.7 C

/(1#' F#$0 H 0I$*



 !"  !"#$%& ''( )%*+%$,#%

 !"!#$%&'!&( #$ %&' ()* 2 × 2 +#,*&-'. M )/'* '&.'0 /'1&'/&2'. 34*5'*
2)1,&2' 67'.,&,8, M tJM = detM · J -'&2,9 7#:: 0#. ()* 7&' +;7<12*<55'
#<>

Γ = {M ∈ Mat(2;Z) ; M tJM = J}

:>*'&/'. ?#..@
/$ 60 A.:>1<:: #. 3;*;11#* B ?#.. 0#. -'&2'.9 7#:: Γ #1: 7&' C*<55' 0&, -D'&
E*-'<2'.7'. J <.7 U <.7 7'. 7'F.&'*'.7'. G'1#,&;.'. J4 = U3 = E :;D&'
J2U = UJ2 /':>*&'/'. D'*7'. ?#..@ +#. H'*21'&>' I@  !!"" J KLM℄9 OPQOO@
$ %&' C*<55' PSL(2;Z) := SL(2;Z)/{±E} &:, D'2'. R*;5;:&,&;.  @ <.7
S#,-  @M ?#.;.&:> &:;0;*5> -<* C*<55' 7'* +;7<1:</:,&,<,&;.'.@ S&' D&*7 '*T
-'<2, H;. 7'. +;7<1:</:,&,<,&;.'. τ 7→ Jτ = −1/τ <.7 τ 7→ Uτ = 1 − 1/τ
7'* U*7.<.2 ! <.7 M@ A1:; &:, PSL(2;Z) 7#: (*'&' R*;7<?, -D'&'* -V?1&:>'*
C*<55'. 7'* U*7.<.2 ! <.7 M@
7$ %&' B'-'&>.<.2 7'* +#,*&-'. W $ 0&, J /-D@ T WD'2'. X6.H;1<,&;.Y <.7
XZ*#.:1#,&;.Y $ &:, &. 7'* [&,'*#,<* ?'&.':D'2: H'*/&.71&> 2'*'2'1,@ I@ #$%$&"'
"() <.7 :'&.' S>)1'* H'*D'.7'. 7&' B'-'&>.<.2 T /-D@ U @

)( *!# !+,$-! .%&/,"!&-,01!#!24 F( +#. 7'F.&'*'

W $ F :=
{

τ ∈ H ; −1

2
< Re τ ≤ 1

2
, |τ | ≥ 1 <.7 |τ | > 1 ()* − 1

2
< Re τ < 0

}

<.7 H'*#.:>#<1&>' :&> F #. 7'* .'T
/'.:,'>'.7'. \&2<*@ U]'./#* D&*7 F

H;. Z'&1'. 7'* C'*#7'. Re τ = ±1

2
<.7

'&.'0 B;2'. 7': E&.>'&,:?*'&:':9 #1:;
H;. Z'&1'. H;. U*,>;2;.#1?*'&:'. /'T
*#.7',@

F = {τ ∈ H ; |G' τ | ≤ 1

2
, |τ | ≥ 1},

◦

F = {τ ∈ H ; |G' τ | < 1

2
, |τ | > 1}

/'-'&>.' 7&' #/2':>1;::'.' I)11' /-D@
7'. ;]'.'. 3'*. H;. F@ %&' G#.75<.?T
,' i <.7

W!$ ρ := 1

2
+ 1

2
i
√
3 0&, ρ3 = −1

2'>4*'. -< F9 D8>*'.7

ρ2 = ρ− 1 = −ρ = −1

2
+ 1

2
i
√
3

-D#* -< F9 #/'* .&>, -< F2'>4*,@U( T('.
/#* 2&1,

−1/2 0 1/2
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.
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.

.

.

.

.

.

◦ •
•ρ2

i ρ

F
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A//@  "^ %'* '_#?,' \<.7#0'.,#1T
/'*'&>

Im τ ≥ 1

2

√
3 ()* #11' τ ∈ F.WM$

+&, 7'. B'-'&>.<.2'.  W $ <.7  W"$ '*>81, 0#. 7'.



 ! "#$ %&'()*+(,,$  !"

 !"#$ #$  ! "#$#% τ ∈ H &'() #* #'+ M ∈ Γ %') Mτ ∈ F,
%$ -#./0#+ τ !+$ Mτ, M ∈ Γ, 1! F2 *3 &'4) τ = Mτ , 5*) M 6= ±E2 *3 634&)

%&"'%(%)

&'$ τ = Mτ = i !+$ M = ±J

*(%)

&($ τ = Mτ = ρ !+$ M = ±U,±U2)

*+,-.+/0 01232. 41-2/36#,72/ /2//7 8#/ F 21/2/ #789)#+ :!+$8%#+)84(#0#'.
02. 9:0+;-.+<<2 Γ)

<#=#'*, #$ =#6 >.:<:3171:/ ?) )@ 137 0#3 A1772. Zτ + Z 013B.27 1/ C) 43 -1%7
#;3: 21/ >##. (c, d) ∈ Z× Z 817 (c, d) 6= (0, 0) +/0

&C$ |mτ + n| ≥ |cτ + d| ,D. #;;2 (m, n) ∈ Z× Z, (m, n) 6= (0, 0))

=#7D.;16 31/0 c +/0 d 0#// 721;2.,.280) =#6 028 4.-E/F+/-3GH288#  -1%7

23 /+/ 21/ L =
(

a b

c d

)

∈ Γ +/0 &C$ 18<;1F12.7 |TmLτ | ≥ 1 ,D. #;;2 m ∈ Z) IE6;7

8#/ m -221-/27 +/0 327F7 τ ′ = TmLτ = m+ Lτ J 0#// 2.6E;7 8#/

−1
2

< Re τ ′ ≤ 1

2
+/0 |τ ′| ≥ 1.

?8 K#;; −1

2
< Re τ ′ < 0 +/0 |τ ′| = 1 2.327F7 8#/ /:6 τ ′ 0+.6 Jτ ′ = −1/τ ′ =

−τ ′)
%$ ?8 K#;; c = 0 -1;7 Mτ = τ +m ,D. 21/ m ∈ Z) *+3 & $ ,:;-7 0#// m = 0 +/0
M = ±E) 9#/ 0#., #;3: :6/2 41/36.E/B+/- c > 0 #//2682/) KD. τ = x+ iy
2.6E;7 8#/ #+3  )@& $ +/0 &@$ 3:,:.7

1

2

√
3 ≤ Im Mτ =

y

|cτ + d|2 +/0
1

2

√
3 ≤ y.&∗$

<#.8!>)!+&, ?* &'4) c = 1 !+$ d ∈ {0,±1},
<#=#'*, 9#/ 6#7 |cτ + d|2 ≥ c2y2 +/0 &∗$ 2.-1%7 3

4
c2 ≤ 1J #;3: c = 1) =+/ -1;7

#%2. #+6
|τ + d|2 ≥ 2|x+ d|y, #;3:

√
3|x+ d| ≤ 1

/#6 &∗$) I2-2/ |x| ≤ 1

2
2.6E;7 8#/ |d| ≤ 1) 2

=+/ L2.02/ 012 KE;;2 d = 0 +/0 d = ±1 21/F2;/ %26#/02;7M

@#0 :844 d = 0A 43 ,:;-7 M =
(

m −1

1 0

)

= TmJ J #;3: Mτ = m − 1/τ ) KD. |τ | > 1
2.6E;7 8#/ #+3

|Re(−1/τ)| = |Re(τ)|/|τ |2 < 1/2

3:,:.7 m = 0 +/0 |Mτ | = |−1/τ | < 1 #;3 I102.3<.+6) *;3: 8+33 |τ | = 1 -2;72/)
I2-2/ Mτ = m− τ = (m−x)+ iy F21-7 /+/ 21/ N;1B #+, 012 9:0+;O-+.J 0#33



 !"  !"#$%& '''( )*+,&-*./%0

 !" #$% %&%'%()*+% ,-%.+$%

#$%& '$%(%( )*+*,+*-%. $(/ %(0 '$% %&%1%./*+% 23%4+$% 14'5&*+%+ 65.7/$4.%. 85
%./9$7%&. 5.' %+(/% ;/+57/5+*5((*,%. 3%+85&%$/%.<
=( 9$+' >%+%$.?*+/0 '%. @53(/*?%. M -A+ 2 × 2 B*/+$8%. 85 +%(%+>$%+%. 5.'
(/%/( M =

(

a b
c d

)

85 (3+%$?%.< τ *5( '%+ 4?%+%. C*&?%?%.% H 9$+' $11%+ $. '%+
64+1 τ = x+ iy ,%,%?%.<

 ! "#$%&'() *%+,-.#+)+! #5.D3(/ 9$+' %$.% EF%+*/$4. >4. SL(2;R) *5-
'%1 G*51 '%+ 1%+414+F3%. 65.7/$4.%. *5- H %+7&D+/H
;%$ '*85 k ∈ Z 5.' f *5- H 1%+414+F3< I*.. %J$(/$%+/ %$.% '$(7+%/% 5.' +%&*/$>
*?,%(3&4((%.% 2%$&1%.,% Df >4. H0 (4 '*(( f *5- H\Df 34&414+F3 $(/< 6A+
M ∈ SL(2;R) %+7&D+/ 1*. %$.% *5- H 1%+414+F3% 65.7/$4. f |M = f |kM
'5+3

K L (f |M)(τ) := (cτ + d)−k · f(Mτ) -A+ τ ∈ H \Df◦M <

M5- '$% M.,*?% '%( @53(/*?%.( k ∈ Z 9$+' 3$%+ 1%$(/ >%+8$3/%/< #5(*11%.
1$/ NN< < K!L %+,$?/ %$.% O%+$P7*/$4.

K"L (f |M)|N = f |(MN) -A+ M, N ∈ SL(2;R)<

I*1$/ '%P.$%+/ (M, f) 7→ f |M %$.% EF%+*/$4. *5- '%1 G*51 '%+ 1%+414+F3%.
65.7/$4.%. *5- H0 '$%  !"#%&'(")!&" ,%.*../ 9$+'<

B*. .%../ .5. f *&+,-)" .&* /(0#%! k0 9%.. ,$&/H

KB< L f $(/ *5- H 1%+414+F3<

KB<"L f |kM = f -A+ *&&% M ∈ Γ<

EQ%.?*+ ?$&'%. '$% 14'5&*+%. 65.7/$4.%. >41 R%9$3/ k %$.%. O%7/4++*51
A?%+ C< 2+D,/ 1*. M = −E $. KB<"L %$.0 (4 %+3D&/ 1*. '$%

/(#0#1.-.#+! 1(+( *&+,-)"( 2,34!#&3 .&3 ,35(")+(* /(0#%! #6! 07

=( 9$+' '*3%+ $1 64&,%.'%. (/%/( >4+*5(,%(%/8/0 '*(( k ,%+*'% $(/< S%,%. K"L
5.' ;*/8 NN<"< 7*.. 1*. KB<"L %+(%/8%. '5+3

KB<"TL f(τ + 1) = f(τ) 5.' f (−1/τ) = τk · f(τ)<

;3&$%U&$3 8%$,/ NN< < KVL0 '*(( 1*. K L *53 $. '%+ 64+1

(f |M)(τ) =

(

dMτ

dτ

)k/2

· f(Mτ)KWL

(3+%$?%. 7*..<

2! /)(.#$.14) *%+,-.#+)+! =( ?%8%$3.% 9$%'%+

E := {z ∈ C ; |z| < 1}



 ! "#$ $%$&$'()*$ +,$-*#$  !"

#$% &'%(% )$(*%$+,-.%$,,*%$0% $( C1 2%-3((+4$* #%5($%.+

H → E \ {0}, τ 7→ z := e2πiτ ,

%$(% ,6.7%-+$8% 6(# 9&#64&  :%.$&#$,*% *&4&9&.:*% ;6(-+$&(1 <,+ f 36= H

9%.&9&.:* 9$+ >&4,+%44%(9%(?% Df 6(# :%.$&#$,* 9$+ #%. >%.$&#%  @8?41
<1 1ABC #3(( ?$0+ %, 0%-3((+4$* @8?41 D1  !""!#$C E1 %'(")'!# FAGGA℄C
I3+J  A1"1AB %$(% 36= E \ {0} 9%.&9&.:*% ;6(-+$&( f̂ 9$+

@ B f(τ) = f̂ (e2πiτ ) =K. τ ∈ H \Df 1

<,+ (6( 69?%-%*.+ f̂ %$(% 36= E\{0} 9%.&9&.:*% ;6(-+$&(C ,& $,+ #$% J6?%*L.$?%
;6(-+$&( f #%. ;&.9 @ B 36= H 9%.&9&.:* 6(# :%.$&#$,* 9$+ #%. >%.$&#%  1
M3( 0%3*+% *$%.C #3,, ,$* #$% >&4% 8&( f̂ 0%$ 0 *N6=%( -L((%(O P9 #$%, 36,J6Q
,*4$%R%(C ,3?+ 93(C #3,, f  !" ∞ #$#&'!(& !"(!( )*+ *3+C S%(( f̂ 9%.&9&.:*
36= E =&.+,%+J03. $,+1

T3+ (6( f $( #$%,%9 I$((% 0%$ ∞ *L*,+%(, %$(%( >&4C #3(( $,+ 0 %$(% $,&4$%.+%
I$(?643.$+N+ 8&( f̂ 6(# %, %U$,+$%.+ %$(% *)(#!+$V)(+S$-46(? 8&( f̂ 69 0
9$+ %(#4$*%9 T36:++%$4 @8?41 D1  !""!#$C E1 %'(")'!# FAGGA℄C I3+J
 A1A1"B

f̂(z) =
∑

m≥m0

αf(m) · zm,@AB

#$% $( %$(%. :6(-+$%.+%( P9?%06(? 8&( 0 30,&46+ 6(# -&9:3-+V?4%$*9NR$?
-&(8%.?$%.+1 W%?%( @ B $,+ #3(( f $( %$(% ,-(#.!#VD%$*%

f(τ) =
∑

m≥m0

αf(m) · e2πimτ@"B

%(+S$-%403.C #$% 0%$ ?%%$?(%+%9 γ > 0 =K. Im τ > γ 30,&46+ 6(# -&9:3-+V
?4%$*9NR$? -&(8%.?$%.+1 X$% <(+%?.34=&.9%4 =K. #$% Y&%ZJ$%(+%( #%. *)(#!+$V
D%$*% @8?41 D1  !""!#$C E1 %'(")'!# FAGGA℄C  A1 1"B K0%.,%+J+ ,$* #30%$
$(

@[B αf(m) =

w+1
∫

w

f(τ) · e−2πimτdτ C

S&0%$ #$% <(+%?.3+$&( =K. Im w > γ J1 21 4N(?, #%. I+.%-% 8&( w 0$, w + 1
36,J6=K*.%( $,+1

 !""#$ ,-. !"(! /01 H 2!.*2*.3#! 0(4 2*40+* 1 3!."*4"&#! ,0(5'"*( f 6= 0
&"(4 670"8/+!('9

@$B f #/'  !" ∞ #$#&'!(& !"(!( )*+:
@$$B ;& <" ' γ > 0 2"' 1*+<!(4!( ;"<!(&#/1'!(9

@3B f "&' /01 4!2 =! "!' {τ ∈ H ; Im τ > γ} #*+*2*.3#:
@0B ;& <" ' !"( m0 ∈ Z> &* 4/&& !& ?0 @!4!2 ε > 0 !"( C <" ' 2"'



 !"  !"#$%& '''( )*+,&-*./%0

|f(τ)| ≤ C · e−2πm0·Im τ  !" #$$% τ &'( Im τ ≥ γ + ε)

*#+%' ',( m0 -#, .'/'&0& -%" m ∈ Z &'( αf (m) 6= 0)

1,( -'%, -%" 2#$$ 0/- ',( f #0 H 34$4&4"536 -#// 7'$( #$%  !" #$$% γ > 0)

8%9%',) &''() *+,- ./0 -.) 1(,2.'3(4 564 f̂ +4 (+4(, 789($/49 564 0 :/,;=>
9()?+('3@ A.4 2.3 0;, f̂ 9(4./ -.44 (+4  !"#$%&BC(+2( -(, D6,8 #E%F *(44
(+4( &$)2G3:/49 -(, H()3.'3 |f̂(z)| ≤ C · |z|m0 9+'3I 2

J)3 m0 *+( +8 K(88. 9(*G2'3F )6 ).93 8.4 +4 L$(,(+4)3+88/49 8+3 -(8 1(,>
2.'3(4 564 f̂ $(+ 0F -#,, f +%' ∞

%'/%/ :4$ -%" ;"-/0/7 −m0 3#(6 0.'') m0 < 0 9+'3F
34$4&4"53 ',(F 0.'') m0 ≥ 0 9+'3F
%'/% <0$$,(%$$% -%" ;"-/0/7 m0 3#(F 0.'') m0 > 0 9+'3I

A.4 )(3:3 4/4 4.3;,'+2

ord∞f := m0.#!%

 ! "#$ %#&$'( )#$ *+),-.+$/! M+4( D/4=3+64 f 2(+N3 .4-0$ 4"& =4& >%?
9'3( k6 *(44 f 86-/'., 568 H(*+23 k +)3 /4- $(+ ∞ 2O2)3(4) (+4(4 P6'
2.3F *(44 .')6 9+'3@

#AI % f +)3 ./0 H 8(,686,?2I

#AIE% f |kM = f 0;, .''( M ∈ ΓI

#AIQ% f 2.3 $(+ ∞ 2O2)3(4) (+4(4 P6'I

R(9(4 K(88. E =.44 2+(, #AIQ% (,)(3:3 *(,-(4 -/,2

#AIQS% f $()+3:3 (+4( '("#)$#BM43*+='/49 -(, D6,8

f(τ) =
∑

m≥m0

αf(m) · e2πimτ F

-+( $(+ 9((+94(3(8 γ > 0 0;, Im τ ≥ γ .$)6'/3 /4- =68?.=3B9'(+28GN+9
=645(,9+(,3I

T. 8+3 f /4- g ./2 αf + βg , α , β ∈ CF /4- f · g 2O2)3(4) (+4(4 P6' $(+
∞ 2.$(4F (,9+$3 (+4 U'+= ./0  # %F -#,, -'% .4-0$ 4"&%/ =4& >%9'3( k %'/%/
A%B(4""#0& Vk !+%" C +'$-%/) M) 9+'3 ./N(,-(8

Vk · Vℓ ⊂ Vk+ℓ für k, ℓ ∈ Z.# %

R(9(4 P,6?6)+3+64  2.3 8.4 4.3;,'+2

#E% Vk = {0} 0;, /49(,.-() kI



 ! "#$ $%$&$'()*$ +,$-*#$  !!

"$%&'(%&$ &)*

+,- 1

f
∈ V−k ./0 0 6= f ∈ Vk 1

2&3' 4567%.508 958 :';&$* 0 $'&(* '&3'  !"#$%#&'()!&1 <'='3 + - 736 +,-
&)* 6&' 4'3='

+>- K := V0

?%%'0 4567%.73@*&53'3 '&3 AB0C'0D 6'0 6&' @53)*?3*'3 E73@*&53'3 736 ?%%' F75G
*&'3*'3 953 4567%.508'3 6'))'%H'3 :';&$*) '3*$I%*1

 !"!#$%&'!&( ?- J'0 K?8'  !"#$%#&'()!& )*?88* 953 L1  !"!#$%" +*+,-
./(0- 1+2'+ 3D  !MN OP-1 2&3' 4567%.73@*&53 *0&** Q73I$)* ?%)  !"#$ H'& '%G
%&C*&)$'3 R3*'=0?%'3 &3 6'0 &!'!%"(!)$'3 K508?%.508 ?7.1 2) $?36'%* )&$
6?H'& ?%%'06&3=) 78 '&3' E73@*&53D 6&' 3&$* Q70 4567%=07CC' ΓD )536'03 Q70
S?7C*@53=07'3Q=07CC' Γ[2] ='$B0* +9=%1 R121PD A505%%?0 R1,1>2D T7.=?H' R1>1O-1
4567%.508'3 *0'*'3 )U)*'8?*&)$ Q7'0)* H'&)!$!(*+(,** &3 )'&3'3 V50%')73G
='3 /H'0 '%%&C*&)$' E73@*&53'3 ?%) 6&' R39?0&?3*'3 g2 736 g3 HQ;1 ?%) ∆ ?7.
+9=%1 R1>1 -D 3?$6'8 6&')' 950$'0 953 :1 -$*!%*+!$% H'*0?$*'* ;706'3 +9=%1
R1,1O-1
2&='3*%&$' W'=0/36'0 6'0 X$'50&' 6'0 4567%.73@*&53'3 )&36 E1 ./!$% 736 S1
01$%,(31 J&' S?7C*;'0@' 953 01$%,(3 Q7 6&')'8 X$'8? Y36'* 8?3 &3 6'3
'0)*'3 WI36'3 6'0 T*? 4?*$'8?*&? +3I8%&$ &3 W?36  D ,D >D !- 736 &3 )'&3'3
4#52+, 331 <&$*&=' T0H'&*'3 953 ./!$% Y36'* 8?3 &3 )'&3'3 *+,- ./(0- 678
0/&"$#&9+& 333- J&' X$'50&' ;706' 6?33 Q73I$)* 953 L1 4($#! .50*='./$0*D
953 6'8 6'0 ?7)./$0%&$' ZH'0)&$*)?0*&@'% RR1W> 6#(!.!2:0+ ;#&'()!&+& &3 6'0
<&=>'$!:?")+ "+2  /(0- 1),,+&,0/%(+& )*?88*1
H- T7. L1  !"!#$%" ='$* 6&' ?H@/0Q'36' "$0'&H;'&)' 1τ := e2πiτ Q70/@ +*+,-
./(0- 1+2'+ 3D  O>NP[ -D 6&' ?7$ )CI*'0 8?3$8?% 9'0;'36'* ;&06D )&$ ?H'0
?%%='8'&3 3&$* 670$=')'*Q* $?*1

)( *+&,! -./%01.#"!&( 2&3' 4567%.508 f 958 :';&$* k $'&(* '&3' 9/&=+
 !"#$%!2. 5!. *+A)0( kD ;'33 f ?7. H $5%5850C$ &)* 736 ;'33 f H'& ∞
'+)&+& \5% $?*1 J?8&* &)* f ='3?7 6?33 '&3' =?3Q' 4567%.508 958 :';&$* kD
;'33 =&%*]

+41 ^- f : H → C &)* $5%5850C$1

+41P^- f |kM = f ./0 ?%%' M ∈ Γ1

+41,^- f &)* ./0 ?%%' τ ∈ H 8&* Im τ ≥ γ , γ > 0D H')$0I3@*1

<'='3 _'88? P @?33 8?3 $&'0 +41,^- '0)'*Q'3 670$

+41,`- f H')&*Q* '&3' 415($!(N23*;&@%73= 6'0 E508

f(τ) =
∑

m≥0

αf (m) · e2πimτ D



 !"  !"#$%& '''( )*+,&-*./%0

#$% &'( γ > 0 )*& #%( +%,-% {τ ∈ H ; Im τ ≥ γ} )./01*2 -1%$4567$- 80,9%(:
-$%(2;

<$% +%,-% Mk  !" #$%&!% '( )*+(",!% -(% .!/023 k 043 (5!%6$" !0% 7%3!"8
"$),  !4 9!:3(""$),4 Vk;

=$,% -),>% +0#*1&0(5 f 4%$72 %$,% ;<03&!%+(", ?%,-1$/4@ )4< +(",AB C%,, f
.%$ ∞ %$,% D*11/2%11% 4)2B C%,, )1/0 αf(0) = 0 -$12; <%( E%820(()*5 #%( FG$2:
>%,&0(5%, 905 H%C$42 k C$(# 5$2 Sk .%>%$4,%2; +), 4)2 0I%,.)(

Sk ⊂ Mk ⊂ Vk &'( )11% k ∈ Z;

J*/ ?+;KLA &01-2 /0&0(2

? A αf(0) = lim
y→∞

f(iy) &'( f ∈ Mk;

M5 N$,.1$8 )*& K? A %(4612 5), #),,

?OA Mk ·Mℓ ⊂ Mk+ℓ, Sk ·Mℓ ⊂ Sk+ℓ &'( k, ℓ ∈ Z;

P%-%, /%$,%( Q%#%*2*,- C$%#%(401%, C$( %$,%, FG%>$)1&)11 90, R%55) O )1/

 !""#$ =43 f ∈ Mk )% γ > 0> 4( #0*3

f(τ)− αf(0) = O
(

e−2πIm τ
)

$)+  !" '!%#! {τ ∈ H ; Im τ ≥ γ}?

M5 C%$2%(%, E%(1)*& C%(#%, )*//41$%71$4 #%( ST(G%( K = V0 #%( +0#*1&*,8:
2$0,%, *,# #$% E%820((6*5% Mk #%( -),>%, +0#*1&0(5%, 905 H%C$42 8 /2*:
#$%(2;

%$ &!'#()*!+ ,!-)/($ U'( f ∈ Mk C$(# f̃ : H → R %(816(2 #*(4

? A f̃(τ) := (Im τ)k/2 · |f(τ)| , τ ∈ H;

J*/ MM; ;K? A *,#  ? A %(4612 5), 0I%,.)(

?OA f̃(Mτ) = f̃(τ) &'( )11% M ∈ ΓB

/0 #)// f̃ %$,% *,2%( Γ $,9)($),2% U*,82$0, $/2; <$% -%,)*% S%,,2,$/ #%/ %V)82%,
U*,#)5%,2)1.%(%$4%/ F )*/ MM;O;O &'4(2 /G%>$%11 >* #%(

01232+)()24$ =43 ϕ : H → R +@" Im τ ≥ 1

2

√
3 6!42"A%:3 )% #0*3

ϕ(Mτ) = ϕ(τ) +@" $**! M ∈ Γ,

 $%% 043 ϕ $)+ H 6!42"A%:3?

B!/!04? D)4 MM;O;O?KA $/2 ϕ /G%>$%11 $5 U*,#)5%,2)1.%(%$4 F .%/4(6,82; D*,
8),, 5), F)2> MM;O;O) ),C%,#%, *,# /$%42B #)// ϕ )*& H .%/4(6,82 $/2; 2

J1/ %(/2%/ F2(*82*(%(-%.,$/ %(4)12%, C$( #%,



 ! "#$ $%$&$'()*$ +,$-*#$  !"

 !"#$  ! "#$% Mk = {0} &'( k < 0)

*+,+#!) #$& '()*+, -./ f .012-133 456 $331 τ 7-/ Im τ ≥ 1

2

√
3 81.&69:;/) <$ k

:1=$/-> -./? =-3/ @-1. @$:: $A& 456 f̃ ) #A: ;$:: 7$: @-1 B6C0C.-/-C: $A4 ϕ = f̃
$:D1:@1: A:@ .-1&/? @$.. f̃ $A4 H 81.&69:;/ -./)

($: 1:/D-;13/ f -: 1-:1  !"#$%#EF1-&1 A:@ 16&93/ 456 @-1  !"#$%#EGC1H2-I
1:/1: =179J K'L,

αf(m) = e2πmy·
1

∫

0

f(x+ iy) · e−2πimxdx , m ≥ 0)

(-/ ' , 4C3=/

|αf (m)| ≤ y−k/2 · e2πmy·
1

∫

0

f̃(x+ iy)dx ≤ C · y−k/2 · e2πmy

7-/ 1-:16 >C: y A:$8&9:=-=1: GC:./$:/1: C) <$ @-1 3-:;1 M1-/1 181:4$33. :-&/
>C: y $8&9:=/? ;$:: 7$: @1: N-71. y → 0 8-3@1: A:@ 16&93/ αf (m) = 0 456
$331 m ≥ 0? $3.C f ≡ 0) 2

%$ &!' (!*'"+, -./  !"#$%#012.3#4.5".5$ O56 f ∈ Mk D-6@ f̃ D-1 -:
!' , 16;396/)

 !"#$ -'( k > 0 ./0 f ∈ Mk "#$%1
$, f̃ #!% "+/2. 02// 2.& H 3+!5(6/7%8 ,+// f ∈ Sk "#$%) 9/ 0#+!+: -2$$ +;#!%#+(%
+#/ w ∈ H :#% 0+(  #"+/!52&%

f̃(τ) ≤ f̃(w) &'( 2$$+ τ ∈ H.

8, 9!% f ∈ Sk8 !< "#$%

αf (m) = O
(

mk/2
)

&'( 2$$+ m ∈ N.

*+,+#!) $, P./ f 1-:1 M0-/21:4C67? .C -./ f̃ D1=1: N177$ L 456 Im τ ≥ 1

2

√
3

81.&69:;/) <-1 Q1&$A0/A:= 4C3=/ :A: $A. B6C0C.-/-C: !) P./ A7=1;1&6/ f̃ 81I
.&69:;/? .C .-:@ D1=1: N177$ L $A& αf(0) · yk/2 -: F 81.&69:;/) RA. k > 0
4C3=/ αf (0) = 0? $3.C f ∈ Sk) <-1 ST-./1:2 >C: w 16=-8/ .-& $A. limy→∞ f̃(τ) = 0
:$& N177$ L)
8, ($: 1:/D-;13/ f -: 1-:1  !"#$%#EF1-&1 A:@ D-1 -7 Q1D1-. >C: M$/2 ! 4C3=/

|αf(m)| ≤ C · y−k/2 · e2πmy 456 y > 0)

<$ @-1 3-:;1 M1-/1 :-&/ >C: y $8&9:=/? @$64 7$: 61&/. y = 1/m , m > 0?
1-:/6$=1: A:@ 16&93/

|αf(m)| ≤ C · e2π ·mk/2,

$3.C @-1 Q1&$A0/A:=) 2



 !"  !"#$%& '''( )*+,&-*./%0

 !"#$%&'(  ! "#$#%'(# A(H) )%# *#(+# ,--#. /0)1-0 2 3#.%0)%!'#(4 ,15 H ∪ {∞} '0-06
/0.3'#( 71(89%0(#( f : H → C /%9 $1+#':.%+#.  !"#$%#;<#%'# )#. 70./

f(τ) =
∞
∑

m=0

αf (m) · e2πimτ , τ ∈ H4

+#/=> ?#//, @A A(H) %!9 0B#(",. #%(# C;C-+#".,4 )%# ,--# +,($#( *0)1-50./#( #(9'=-9A
 ! "#$#%'(# B(H) )%# D#%-/#(+# )#.E#(%+#( f ∈ A(H)4 $1 )#(#( #! #%( ℓ ≥ 0 +%"9 /%9 )#.
 %+#(!',59

αf (m) = O(mℓ) 5F. m ≥ 1A

7F. f ∈ B(H) !#9$9 /,(

κ(f) := inf
{

ℓ ≥ 0 ; αf (m) = O
(

mℓ
)

5F. m ≥ 1
}

A

2G B(H) %!9 #%(# H(9#.,-+#"., I0( A(H)A J3#$%#-- +%-9 5F. f, g ∈ B(H)K
,G κ(f + g) ≤ max{κ(f), κ(g)}4
"G κ(f · g) ≤ κ(f) + κ(g) + 1A

@G L!9 f ∈ A(H) 1() (Im τ)κ · f(τ) 5F. #%( κ ≥ 0 ,15 H "#!'.=(894 ),(( +#':.9 f $1 B(H)
/%9 κ(f) ≤ κA
MG L!9 f ∈ Sk4 !0 +#':.9 f $1 B(H) /%9 κ(f) ≤ k/2A
NG L!9 f ∈ B(H)4 !0 80(I#.+%#.9 )%# &$#$()%*;<#%'#

Df(s) :=

∞
∑

m=1

αf (m) ·m−s

5F. s ∈ C /%9 Re (s) > κ(f) + 1 ,"!0-19A
OG P%# 71(89%0( f(τ) = ϑ(2τ) QI+-A  AMG +#':.9 $1 B(H) /%9 κ(f) = 0 1() Df (s) = 2ζ(2s)A
RG B(H) %!9 #%(# #'9# H(9#.,-+#"., I0( A(H)A
SG T1 f ∈ Mk )#U(%#.9 /,( #%(# 71(89%0(

f∗ : H −→ C , τ 7−→ f(−τ).

P,(( +%-9 f∗ ∈ Mk 1() f∗∗ = f A P%#  !"#$%#;V0#W$%#(9#( I0( f !%() +#(,1 ),(( .##--4 X#((
f∗ = f A P%#  !"#$%#;V0#W$%#(9#( I0( f !%() +#(,1 ),(( .#%( %/,+%(=.4 X#(( f∗ = −f A
YG Mk "#!%9$9 #%(# Z,!%! ,1! +,($#( *0)1-50./#( /%9 .##--#(  !"#$%#6V0#W$%#(9#(A
[G f ∈ Mk %!9 +#(,1 ),(( #%(# J3%9$#(50./4 X#(( #! $1 E#)#/ γ > 0 30!%9%I# V0(!9,(9#( α
1() β +%"94 !0 ),!!

|f(τ)| ≤ α · e−βy 5F. ,--# τ ∈ H /%9 y ≥ γ.

2\G J#% f ∈ Mk 1() ρ = 1

2
(1 + i

√
3)A  ! +%-9 f(i) = 04 5,--! k 6≡ 0 (mod 4)4 1() f(ρ) = 04 5,--!

k 6≡ 0 (mod 6)A
22G 7F. f ∈ Sk 1() r ∈ Q +%-9

lim
y↓0

f(r + iy) = 0.

7F. f ∈ Mk4 f /∈ Sk4 k > 0 1() r ∈ Q +%-9

lim
y↓0
|f(r + iy)| =∞.


